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FOREWORD
The eBook I am glad to read is a survey of the famous limit theorems for measures (Nikodým convergence theorem, Brooks-Jewett theorem, Vitali-Hahn-Saks theorem, Dieudonné convergence theorem, Schur convergence theorem). The first chapter seems to be the back bone of the eBook's development. Not only it describes the development of the main theorems in the realm of convergence, but also provides a compact review of measures defined on algebras, vector latticevalued measures and measures defined on abstract structures. The use of these ideas is extensively described in Chapters 3 and 4. The historical development was enthusiastically approached since the second author was preparing his master's thesis. Since then he worked consistently on the subject. Both authors are lovers of the historical development due to their Latin and Greek origin! Therefore the reader has the choice to appreciate an excellent piece of work on this area. The connection of Lattice Theory with Measure is explicitly described in this eBook and therefore the reader can also be addressed to Probability Theory. That is this eBook offers not only a strong background on limit theorems in Measure Theory, but also a solid theoretical insight into the Probability concepts. The norm of a measure, defined in Section 1.2, the definition of a measure on an algebra are essential tools to anybody working not only on Measure Theory but on Probability Theory as well. The next step, the definition of a measure defined on an abstract structure, needs more investigation in future work, while the authors cover completely the subject up to our days.
The definition of a Filter, defined firstly, and its dual notion of Ideal, defined later, are very nicely presented in Chapter 2. The relation between two Ideals is discussed in Section 2.1 as well as the Free Filters and P-Filters. These definitions and results are applied in Chapter 4. Being the authors consistent to their approach to limit theorems, they are extending Filters and Ideals with the corresponding limit theorems to Lattice Groups. Therefore a Lattice-Group-valued Measure is defined and the appropriate results are collected and presented. Nice examples on Filter Convergence in Lattice Groups help the reader to understand common ideas such as limsup or liminf through their development. The relation to Dedekind Complete Space is also discussed and related to Measure Theory. Therefore, I believe, the interested researcher has a compact, solid and rigorous presentation of Filters and Ideals.
The group with structure of lattice, known as (ℓ)-group, is what the authors investigate extensively in Chapter 3. The sense of Integration is very strictly presented under the light of Measure Theory. The convergence theorems for integrals are direct applications to Integration. The theoretical development of this Chapter is applied in Chapter 4, where a number of results is discussed under milder/weaker assumptions. Not only the limit theorems are presented but also interesting decomposition analogues for (ℓ)-group-valued measures are also discussed.
Chapter 4 is devoted to Filter (Ideal) Limit Theorems and their applications. Limit results and convergence theorems are presented in such a way the reader realizes that the authors are the grand masters of this subject. The Regularity of a Measure is discussed on any Dedekind Complete (ℓ)-Group. Topology is hidden everywhere and therefore also in Group-Valued Measures. This part is strongly related to the Preliminaries presented in Section 1.1, where the ideas of Topology, Measure and Banach Lattice are introduced.
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The authors have collected more than 750 references on the subject. It is impressive not only for the extensively great number of references covering a wide variety of disciplines, but also for the fact that the authors refer to all of them inside the eBook.
I was glad when the authors asked me to write the preface. Then I realized that it was a hard work to go through this eBook. But I was eventually happy to realize that this excellent eBook covers the subject as well as possible. I did not have the chance to read such a compact review on the subject. I thank the authors for giving me the chance to read it.
Prof. Christos P. Kitsos
Department of Informatics Technological Educational Institute of Athens Chair of the ISI Committee on Risk Analysis
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PREFACE
One of the topics of wide interest for several mathematicians, which has been successfully widely studied for more than a century, are the convergence and boundedness theorems for measures, in connection with properties of integrals, double sequences, matrix theorems and interchange of limits. Some related results in this area are the Banach-Steinhaus theorem in the operator setting and integration theory together with its fundamental properties. These topics have several applications in different branches of Mathematics, like for example topology, function spaces and approximation theory.
At the beginning, the case of σ-additive real-valued measures and integrals was treated, together with matrix theorems. These topics have been developed in the literature along several directions. Firstly, by considering not only countably additive, but also finitely additive measures and even set functions which are not necessarily finitely additive. Secondly, dealing with measures with values in abstract structures, like for instance Banach, uniform and locally convex spaces, topological and lattice groups, and so on. Thirdly, investigating measures defined on algebras satisfying suitable properties but which are not necessarily σ-algebras, or more abstract structures like for example MV-algebras, orthomodular posets, D-posets, minimal clans, which have several applications, for instance to quantum mechanics and multivalued logics.
To prove the main results about these topics, there are two types of techniques: the sliding hump or diagonal argument, which studies properties of the diagonal of an infinite matrix whose rows and columns are convergent, and the Baire category theorem. The sliding hump was known just at the beginning of the last century and was used for the proofs of the first fundamental results about limit theorems. The technique which uses the Baire category theorem is based on certain properties of Fréchet-Nikodým topologies. But this method, in general, is not adaptable in the finitely additive case. So, in most cases, it has been preferable to consider again the sliding hump method, which has been deeply studied in proving limit and boundedness theorems and also in matrix diagonal lemmas, which are very useful for these subjects. Furthermore, two procedures to relate the finitely additive case to the countably additive case have been investigated: the first deals with Stone-type σ-additive extensions of the original measures, and the second uses Drewnowski-type σ-additive restrictions of finitely additive measures on suitable σ-algebras.
The novelty of the research of the authors, which is exposed in Chapter 4, is to study limit theorems in the setting of filter convergence, which is an extension of convergence generated by matrix summability methods and includes as a particular case the statistical convergence, which is related with the filter of all subsets of the natural numbers having asymptotic density one. Note that, in general, it is impossible to expect analogous results corresponding to the classical case, even for σ-additive real-valued measures, because in general filter convergence is not inherited by subsequences. However it has been possible to prove several versions of limit, matrix and boundedness theorems as well as some results about different modes of continuity and convergence for measures, filter exhaustiveness (extending to the filter setting the concept of equicontinuity), continuity properties of the limit measure, weak filter/ideal compactness, and so on. The first chapter contains a historical survey of these topics since the beginning of last century. In Chapter 2 we deal with the basic concepts and tools used, like for instance filters/ideals, lattice group-valued measures, filter/ideal convergence in (  )-groups, and present some fundamental tool, like for example the Maeda-Ogasawara-Vulikh representation theorem and the Stone Isomorphism technique. Chapter 3 contains several versions of limit and boundedness theorems for lattice group-valued measures and some applications to integrals. In the appendix we present iv an abstract approach on probability theory and random variables in connection with Boolean algebras, metric spaces, σ-additive extensions of finitely additive functions, various kinds of convergence in the lattice setting and tools which can have further developments, and we present some developments of the abstract notion of concept and some applications to Bioassays and related topics investigated by X. Dimitriou and C. P. Kitsos.
The eBook can be used both as a primer on limit theorems and filters/ideals and related topics, for postgraduate and Ph. D. students who want to explore these subjects and their beautifulness, and as a text for advanced researchers, since it exposes some new directions and results, shows some possibilities of further developments and ideas and includes also some open problems in the area. Limit and uniform boundedness theorems for measures are among the most important in mathematics, they have been investigated and developed for more than a century and in the context of several abstract structures, and have several applications in several branches of Mathematics, in particular in Topology and in Approximation Theory. In their proofs, there are substantially two different kinds of arguments. The first method follows Dunford and Schwartz (1958 , 1963 and 1971 and is due to Fréchet (1921) and Nikodým (1930a and 1930b) , see also Weber (2002) . It is a topological method, based on the fact that, if Σ is a σ -algebra of subsets of a nonempty set G and m is a non-negative real-valued σ -additive measure defined on Σ , then the set
χ is the characteristic function associated with E , namely that function which associates the real number 1 to every element of E and the real number 0 to each element
of the Lebesgue realvalued functions integrable with respect to m , and hence is a complete metric space. This approach was given by S. Saks (1933a-b and 1937) , which was the first to prove the Vitali-Hahn-Saks theorem using the Baire category theorem 1.2 (see also Kalton (1974) ). However this method in general does not work, when it is dealt with finitely additive measures. In this case, it is advisable to use the second method, called sliding hump or gliding hump, that is the study of some property of the diagonal of an infinite matrix, when it is supposed that its rows and its columns converge or are Cauchy. By means of arguments of this kind, it is possible to prove several versions of convergence theorems for finitely additive measures with values in different kinds of structures (for example Banach spaces, locally convex topological vector spaces, topological (semi)groups, vector lattices, lattice groups). The sliding hump technique or diagonal argument, as we will see later, was known in the literature and widely used just in the first third of the last century, and is more advisable and fruitful than the category argument in the context of not necessarily σ -additive measures, defined and/or taking values in abstract structures. In this context the Rosenthal lemma, the biting lemma and Antosik-Mikusiński diagonal-type lemmas will play an important role. A survey on this method and its several applications can be found, for instance, in the book by Antosik and Swartz (1985a) , in the book by Swartz (1996b) and in the paper by Swartz (1990) , while an overview on the Vitali-Hahn-Saks-Nikodým-type theorems is found, for example, in Choksi (2001) . In this chapter we will do a historical survey about the evolution of the limit theorems and the related topics and problems (like for example (weak) compactness of sets of measures, see also the books by Diestel and Uhl (1977) and Diestel (1984) ) since the beginning of the last century (see also Dimitriou (2007)). In Chapter 2 and 3 we will deal with the most recent classical like limit theorems in the lattice group setting since the
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beginning of this century. In Chapter 4 we will consider different kinds of limit theorems in connection with convergence with respect to ideals/filters and modes of (filter) continuity of measures, together with some results on filter weak compactness and filter weak convergence of measures. In Chapter 5 we will present a general discussion about the subjects and results, together with the main techniques and tools used, and the evolution of the research treated in Chapters 2, 3 and 4. In Appendix 1, using lattice theory, we will deal with an abstract approach on probability measures, defined on abstract Boolean algebras, and different types of random variables with respect to various kinds of convergence. In Appendix 2 we will present some topics about concepts, lattices and probabilities and some relations and connections between them.
The concept of finitely additive measure was just known by Jordan (1893 and 1896). Indeed, let B be a bounded subset of the euclidean n -dimensional space and let us define
where the infimum (resp. supremum) is intended with respect to all disjoint finite families of
with the convention 0 = sup∅ , and
(see also Diestel and Spalsbury (2012) ).
Finitely additive measures have their importance, first of all because of their dual representation. Indeed, if Σ is a σ -algebra of subsets of an abstract nonempty set G , then the linear space ba ) (Σ of all bounded finitely additive real-valued measures defined on Σ is isomorphic to the dual of the Banach space ) (Σ B of all bounded real valued Σ -measurable functions defined on G (see also Diestel and Spalsbury (2012) , Theorem 1.1, Fichtenholtz and Kantorovich (1934) and Hildebrandt (1934) ). Moreover, Banach (1923) proved that there exist finitely additive translation invariant extensions on the whole real line of the Lebesgue measure. This is not true if one requires σ -additivity instead of finite additivity (see Vitali (1905) ). For a related literature, see also Laczkovich (2002) , Paterson (1988 ), Pier (1984 , Wagon (1981 and 1985) , Zakrzewski (2002 In this eBook we will present several versions of limit theorems for lattice groupvalued measures, namely Schur, Brooks-Jewett, Nikodým, Vitali-Hahn-Saks and Dieudonné-type theorems. We treat both the case of the classical pointwise order or ) (D -convergence of the involved measures (often, with respect to a same order sequence or regulator) and the setting of filter pointwise convergence. Since this kind of convergence is in general strictly weaker than the classical one, in general, as we will see in the sequel, one cannot expect to obtain results, analogous to the ones existing in the classical context. However, under certain not restrictive hypotheses, it is possible to get several results also in this direction.
In this chapter we consider the basic notions, tools and properties which will be useful in order to prove the main convergence theorems. First, we deal with some fundamental properties of filters/ideals and some characterization of ultrafilters, and we recall the classical concept of densities, matrix methods, filter/ideal convergence and its fundamental properties. Moreover, we consider almost convergence, giving a characterization and a comparison with filter/ideal convergence, and some filter/ideal compactness properties. Furthermore, we deal with some basic notions on lattice groups and Riesz spaces, and in particular we point out some important mathematical tools in these structures, which will be useful in the sequel. We consider the fundamental properties of order convergence
Basic Concepts and Results
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and ) (D -convergence in lattice groups, which replace the so-called ε -technique.
We deal with the Fremlin lemma, which allows to replace countably many order sequences or regulators with a single ) (O -or ) (D -sequence, and with the MaedaOgasawara-Vulikh representation theorem for Archimedean lattice groups, by means of which it is possible to consider the involved lattice group as a suitable subgroup of continuous extended real-valued functions, and to study several properties of lattice group-valued measures relating them with the corresponding ones of the real-valued measures. We investigate also filter/ideal convergence/divergence in the ) ( -group setting, and its main properties. We present the main topics on lattice group-valued measures, in particular (uniform) ) (s -boundedness, σ -additivity, absolute continuity and continuity with respect to a Fréchet-Nikodým topology, both in the classical sense and with respect to a single order or ) (D -sequence. In particular we deal with a characterization of (uniform) global absolute continuity and some relation between regularity and σ -additivity, and we show that the concepts of ) (s -boundedness (and the related ones) in the classical like sense and with respect to a single ) (O -sequence or regulator are in general different. Finally, we relate finite additivity to countable additivity of lattice group-valued measures, using a Drewnowski-type approach, to find (global) countably additive restrictions of (global) ) (s -bounded measures on a suitable σ -algebra, and by means of the Stone Isomorphism technique, which allows to construct some (global) countably additive extensions of (global) ) (s -bounded lattice group-valued measures. To this aim, we will use some density properties of suitable σ -algebras. We also present some extension results for lattice group-valued measures, not necessarily finitely additive, but compatible with the operations of supremum and infimum.
Filters and ideals
Statistical Convergence and Matrix Methods
We begin with the notion of filter/ideal and the related convergences, which are extensions of the statistical convergence. We consider statistical convergence and matrix methods of convergence, which are related with suitable densities. We will associate to them some filters/ideals, by considering the class of all subsets having one/zero density respectively. Statistical convergence was introduced by Fast (1951 ), Steinhaus (1951 and Schoenberg (1959) , and is related with the asymptotic density of the natural numbers (see also Buck (1946 and 1953) ). Among the historical papers on the evolution of the concept of statistical convergence, we quote Šalát (1980), Freedman and Sember (1981a -b), Fridy (1985 and 1993 . In Aizpuru and Nicasio-Llach (2008a) some spaces of vectorial sequences defined by statistical convergence and some of their basic properties are investigated. Further developments are, for instance, in Çakalli (1996) , Connor (1988 Connor ( , 1990 Connor ( and 1992 , Connor, Fridy and Kline (1994) , Connor and Kline (1996) , Fridy and Miller (1991) , Fridy and Orhan (1997) , Kolk (1991 and 1993) , Kostyrko, Mačaj, Šalát and Strauch (2000) , Maddox (1988 and 1989 ), Miller (1995 , Mursaleen (2000) , Rath and Tripathy (1994), Savaş (1992) .
The lower and upper asymptotic density of a set N ⊂ K are defined by
respectively. If the limit lim
is said to be the asymptotic density of K and is denoted by
is a sequence in X , we say that
In this chapter we present some different types of limit theorems, for measures taking values in lattice groups. We consider both the countably additive and the finitely additive case, and we relate them by means both of the Stone Isomorphism technique and Drewnowski-type theorems, which allow us to investigate countably additive extensions or restrictions of finitely additive measures, respectively, and about which we dealt in Chapter 2. In the context of lattice groups, we first consider the tool of ) (D -convergence and study the case in which the notions of ) (s -boundedness, σ -additivity, (absolute) continuity, regularity, are given relatively to a single ) (D -sequence, as well as the pointwise convergence of the involved measures. Successively we consider also order convergence and the case in which the pointwise convergence of measures is given relatively to a single order sequence, but not necessarily σ -additivity, ) (sboundedness, and so on. In proving limit theorems, often some technical lemmas play a crucial role, by means of which it is possible to demonstrate that uniform ) (s -boundedness of a sequence of σ -additive (absolutely) continuous or regular measures implies uniform σ -additivity, uniform (absolute) continuity or uniform regularity respectively. When these concepts are intended with respect to a single regulator or ) (O -sequence, it is enough to use techniques analogous to the classical case. When we deal with ) (s -boundedness, σ -additivity, (absolute) continuity and regularity not necessarily with respect to a same ) (O -or ) (Dsequence, in order to overcome some technical difficulties we use the MaedaOgasawara-Vulikh representation theorem for Archimedean lattice groups, we study these properties for sequences of real-valued measures in the complement of a suitable meager subset of a compact extremely disconnected Hausdorff topological space, and we use a density argument as a consequence of the Baire category theorem. These theorems were proved in Candeloro (2002b and 2004a) Barbieri (2009a-c) . We give a Vitali-type theorem for a Bochner-type integral for Riesz space-valued functions with respect to a σ -additive positive extended real-valued measure, and we get a similar construction of an abstract integral in the Riesz space setting, in which it is required that the convergences involved satisfy some suitable axioms, which are fulfilled by filter convergence. We also present a construction of an integral with respect to lattice group-valued measures, not necessarily finitely additive, but compatible with respect to supremum, together with some main convergence theorems (see also Boccuto, Dimitriou and Papanastassiou (2010a)). For a related literature see also Benvenuti, Mesiar and Vivona (2002) , Boccuto (1993 Boccuto ( , 1995a Boccuto ( and 1997 , Boccuto and Candeloro (2002a -c, 2004a -d, 2005 , 2009a -b and 2010 and Ventriglia (2013), de Lucia and Pap (1996) , Dvurečenskij, de Lucia and Pap (1996) , Hammer and Sobczyk (1944) , Pavlakos (1978) , Rickart (1943) , Rüttiman (1994) , Schmidt (1982 Schmidt ( , 1986 Schmidt ( , 1989 Schmidt ( and 1998 , Yosida and Hewitt (1952) .
Convergence Theorems in the Global Sense
We present some convergence theorems (Brooks-Jewett, Vitali-Hahn-Saks, Schur, Nikodým, Dieudonné theorems) for finitely or countably additive measures, taking values in ) ( -groups, with respect to ) (D -convergence (see for instance Boccuto, Riečan and Vrábelová (2009), Riečan and Neubrunn (1997) ). In this context, all the fundamental concepts, for example pointwise convergence of measures, ) (s -boundedness, σ -additivity, regularity, are intended relatively to a single ) (D -sequence or regulator.
We give some relations between global ) (s -boundedness and absolute continuity, and in the setting of uniform ) (s -bounded measures we present a kind of uniform extension, in the global σ -additive case, and a result on global uniform absolute continuity for a sequence of equibounded, globally uniformly ) (s -bounded finitely additive absolutely continuous measures.
Uniform (s)-Boundedness and Related Topics
Concerning the main concepts and properties about lattice group-valued measures, we refer to Chapters 1 and 2. We assume that G is an abstract nonempty set, E , L and Σ are a lattice, an algebra and a σ -algebra of subsets of G respectively.
Let R be a Dedekind complete and weakly σ -distributive lattice -group. We begin with relating global uniform ) (s -boundedness and global absolute continuity of lattice group-valued measures. Filter/Ideal Limit Theorems Abstract: We present recent versions of limit and boundedness theorems in the setting of filter convergence, for measures taking values in lattice or topological groups, in connection with suitable properties of filters. Some results are obtained by applying classical versions to a subsequence, indexed by a family of the involved filter: in this context, an essential role is played by filter exhaustiveness. We give also some basic matrix theorems for lattice group-valued double sequences, in the setting of filter convergence. We give some modes of continuity for measures with respect to filter convergence, some comparisons between filter exhaustiveness and filter (α)-convergence of measure sequences and some weak filter Cauchy-type conditions, in connection with integral operators.
Keywords: (Filter) continuous measure, Banach-Steinhaus theorem, basic matrix theorem, block-respecting filter, Brooks-Jewett theorem, Diagonal filter, Dieudonné theorem, Drewnowski theorem, equivalence, filter (α)-convergence, filter exhaustiveness, filter limit theorem, filter weak compactness, filter weak convergence, Nikodým boundedness theorem, Nikodým convergence theorem, Pfilter, Schur theorem, topological group, Vitali-Hahn-Saks theorem.
In this chapter we consider some recent developments of filter convergence, especially concerning the importance which it plays in different kinds of limit theorems and related topics (see, for instance, Dimitriou (2011)). Note that, in general, when one treats filter convergence with respect to a given free filter of N , in general it is impossible to obtain results analogous to the classical BrooksJewett, Vitali-Hahn-Saks, Nikodým convergence, Nikodým boundedness and Dieudonné-type theorems when cofin F F ≠ , where cofin F is the filter of the cofinite subsets of N (see also Boccuto, Das, Dimitriou and Papanastassiou (2012 ), Boccuto, Dimitriou and Papanastassiou (2011b and 2012b ). However, under suitable hypotheses on the involved filter, it is possible to get still some results, concerning the behavior of a subsequence of the given sequence of measures, indexed by an element of the filter. In this spirit, different kinds of limit theorems have been proved with respect to filter convergence. First we deal with Schur-type theorems, and successively we investigate some classes of filters, for which some versions of Schur-type theorem hold, for measures with values in topological or lattice groups. Using some basic properties of diagonal and/or block-respecting filters and stationary subsets of N , we use some sliding humptype techniques and prove some Schur-type theorems. Further recent studies and developments of Schur theorems and related topics in the context of filter or ideal convergence can be found for instance in Filipów and Szuca (2010) , Hernández, Galindo and Macario (1999) . As consequences we give some Nikodým convergence, Nikodým boundedness, Vitali-Hahn-Saks and Dieudonné-type theorems for topological and lattice group-valued measures. These results were proved in Boccuto and Dimitriou (2013e and 2014a) and Boccuto, Dimitriou and Papanastassiou (2011c , 2012b ). We give also some versions of these theorems, whose it is possible to give a direct proof without using the Schur theorem (see for instance Boccuto and Dimitriou (2013e and 2014c)).
We note that, in the particular case of positive measures, it is possible to prove several filter limit theorems by requiring that the involved filter is only diagonal, and not necessarily block-respecting (see also Boccuto and Dimitriou (2014a), Boccuto, Dimitriou and Papanastassiou (2011b)). In Boccuto, Das, Dimitriou and Papanastassiou (2012), Boccuto and Dimitriou (2011b -c, 2013c , 2014a and 2014c some other versions of filter/ideal limit theorems for real-valued, topological and lattice group-valued measures were given. In this framework, we investigate the powerful concepts of (weak and uniform) filter exhaustiveness, which play a fundamental role. We give some conditions, which in general, when cofin F F ≠
, cannot be dropped, as we will show (see also Boccuto and Dimitriou (2011c and 2013c)). These theorems are formulated in the topological and lattice group context, when σ -additivity and related concepts are formulated in the classical like setting or with respect to a single (O)-sequence. We deal also with measures, continuous with respect to a general Fréchet-Nikodým topology. Similar equivalence results are given in Drewnowski (1972b) in the classical case for topological group-valued measures. In particular, when it is proved that the Nikodým convergence theorem implies the Brooks-Jewett theorem, we consider countably additive restrictions of finitely additive (s)-bounded topological groupvalued measures, defined on suitable σ -algebras (see also Papanastassiou (2010c, 2011a) for a lattice group version). However in the lattice group setting, in order to relate finitely and countably additive measures, it is not advisable to use an approach of this kind. Indeed, in topological groups, the involved convergences fulfil some suitable properties, which are not always satisfied by order convergence in lattice groups, because in general it does not have a topological nature. So, to prove our results, we use the Stone Isomorphism technique (see Chapter 2), with which it is possible to construct a countably additive extension of a finitely additive (s)-bounded measure, and to study the properties of the starting measures in connection with the corresponding ones of the considered extensions. In the topological group setting, it is possible to use Candeloro (1985a) and Sion (1969 and 1973) ), and for a sake of simplicity we prefer to deal with the Drewnowski-type technique about countably additive restrictions. For lattice group-valued measures, to prove that the Brooks-Jewett theorem implies the Nikodým theorem, when we treat uniform (s)-boundedness and σ -additivity formulated not necessarily with respect to a same order sequence, in general for technical reasons it is not advisable to consider a direct approach, and we use the Maeda-Ogasawara-Vulikh representation theorem for Dedekind complete lattice groups, by studying the properties of the corresponding real-valued measures. When we deal with a single (O)-sequence, it is possible to give direct proofs, and it is not always advisable to use the tool of the Maeda-Ogasawara-Vulikh representation theorem, because it yields informations in general only about convergence of suitable lattice groupvalued sequences by means of convergence of suitable real-valued sequences.
We investigate also some basic matrix theorems, extending earlier results of Aizpuru and Nicasio-Llach (2008) and Aizpuru, Nicasio-Llach and RamblaBarreno (2010) (see Papanastassiou (2010b, 2012d) ). Note that in general these kinds of theorems, in their ideal/filter formulation, do not give immediate results like in the classical case, since in lattice groups the nature of order convergence is in general not topological, and because filter convergence is not inherited by subsequences. Moreover, we deal with some modes of continuity for filter convergence associated with a pair of filters of N , for lattice group-valued measures (see also Boccuto and Dimitriou (2013d)). We give also some comparison results on filter ) (α -convergence (continuous convergence) and give some necessary and sufficient conditions for (absolute) continuity of the limit measure. We prove also some relations between filter exhaustiveness and filter continuous convergence (or filter ) (α -convergence) for measures and some applications to integrals, extending some results of Diestel and Uhl (1977) and Abbott, Bator, Bilyeu and Lewis (1990) . The concept of ) (α -convergence or continuous convergence or stetige Konvergenz of real-valued function sequences has been known since the beginning of the last century (see for example Catathéodory (1929 ), Hahn (1921 ), Stoilov (1959 ). This notion was formulated for ordered structures by Wolk (1975) . For a recent literature see also Athanassiadou, Dimitriou, Papachristodoulos and Papanastassiou (2012 ), Beer and Levi (2009 ), Boccuto and Dimitriou (2011b ), Boccuto, Dimitriou and Papanastassiou and Wilczyński (2011 and 2014 .
Throughout this eBook, in Chapter 2, Section 1 we first have dealt with the statistical convergence and matrix methods with respect to positive regular matrices, which are particular cases of filter/ideal convergence, as well as ordinary and uniform asymptotic densities. Successively, we have treated the fundamental properties of ideals and filters, both of N and of an abstract directed set, considering several classes with some related properties. In particular, P-filters/ideals, diagonal and block-respecting filters are very important in limit theorems and uniform boundedness theorems with respect to filter convergence. We also dealt with the additive property of an ideal with respect to another ideal, extending the notion of P-ideal. We have considered some basic properties of filter/ideal convergence in the real context, giving some result on the existence of subsequences convergent in the classical sense, in connection with classical convergence along a suitable element of the filter involved. We have also presented a Cauchy criterion and some characterization of ultrafilters in terms of filter limits of bounded sequences and of limits of subsequences, dealing also with ultrafilter measures. We have considered even some other kinds of convergences which are not necessarily generated by filters/ideals, like almost and Single convergence, given some comparison results and presented some examples, showing the main differences between them. We have dealt also with the basic properties of filter compactness, and considered different kinds of closure.
In Chapter 2, Section 2, we have recalled some fundamental properties and basic results on lattice groups. In particular, we have dealt with order convergence, weakly σ -distributive lattice groups and ) (D -convergence. Note that in lattice groups, as we showed, in general it is impossible to use the ε -technique, and so different kinds of convergences have been considered. Observe that order convergence of sequences implies always ) (D -convergence, while the converse implication is true if and only if the involved lattice group is weakly σ -distributive. There are some contexts in which it is preferable to deal with ) (O -convergence and some other situations in which it is more advisable to handle with ) (D -convergence: this is the case, for example, when we deal with a sequence or a series of ) (D -sequences and we need to dominate it with a single ) (D -sequence. The tool of ) (D -convergence, thanks to the very famous and powerful Fremlin Lemma, allows us to do this operation without requiring super Dedekind completeness of the involved lattice group, but assuming only Dedekind completeness and weak σ -distributivity. Observe that, in order to replace a sequence of ) (O -sequences with a single order sequence, in general we need super Dedekind completeness and weak σ -distributivity of the involved lattice group. Note that, in super Dedekind complete and weakly σ -distributive ) ( -groups, the theories of order and ) (D -convergence coincide. Another very fundamental and powerful tool, widely used in the lattice group theory, is the Maeda-Ogasawara-Vulikh representation theorem, which states that every Archimedean lattice group is algebraic and lattice isomorphic to a subgroup of continuous extended real-valued functions defined on a suitable compact extremely disconnected Hausdorff topological space Ω and which take the values ∞ + and ∞ − at most on a nowhere dense set, and that the lattice suprema/infima coincide with the pointwise suprema/infima in the complement of meager subsets of Ω . Thus it is possible to give several theorems for lattice group-valued measures by proving the corresponding ones for real-valued measures and taking into account the Maeda-Ogasawara-Vulikh theorem, since, by the Baire category theorem, the complement of every meager subset of Ω is dense in Ω . We have dealt also with the ) (PR (positive regularity) property in lattice groups. We have considered filter convergence for sequences/nets in lattice groups, with respect to both order and ) (D -convergence, as well as filter divergence. We have given some Cauchy criterion, and we have dealt with classical convergence/divergence in lattice group setting along suitable elements of the involved filter. We have also shown that, if we consider any fixed abstract directed set Λ and any ( Λ )-free filter F of Λ , even in the setting of filter convergence, in super Dedekind complete and weakly σ -distributive lattice groups the theories of order and ) (D -convergence coincide. Moreover we have proved some other properties of filter convergence/boundedness in connection with diagonal filters, and we have extended to the lattice group context the notions of filter convergence/divergence for nets in the lattice group setting with respect to another filter of an abstract directed set Λ . We have extended to the lattice group setting the concept of convergence/divergence with respect to a pair of filters.
In Chapter 2, Section 3 we have treated the fundamental properties of lattice group-valued measures, in particular (uniform) ) (s -boundedness, σ -additivity, regularity (with respect to both order and ) (D -sequences), giving some comparison result between regularity and σ -additivity and relations between σ -additivity and ) (s -boundedness. Note that, differently from Banach space-valued measures, every bounded lattice group-valued measure is ) (s -bounded in the classical like sense, while the converse is in general not true. However, ) (sboundedness with respect to a single order or ) (D -sequence implies boundedness, but the converse implication is in general not true. Furthermore, some properties of absolutely continuous lattice group-valued measures have been investigated. We have considered also some relations between finite and countable additivity for lattice group-valued measures. We have treated both the Drewnowski technique of finding countably additive restrictions of finitely additive measures, adapting it to the lattice group context, the Stone Isomorphism technique, and Carathéodory and Stone-type extensions for lattice group-valued measures, together with some related density properties. This argument is based on the fact that to every algebra L of subsets of an abstract nonempty set G it is possible to associate a compact totally disconnected topological space * Q (that is, the Stone space) such that L is algebraically and lattice isomorphic to the algebra Q of all open-closed subsets of
Random Variables
We deal with some topics on probability theory and random variables with an abstract approach, in which the involved probabilities are considered not necessarily as set functions, but as functions defined on Boolean algebras, and in which lattice theory is widely used (see also Chapter 1, § 1.1.2) to study fundamental properties of random variables in connection with various kinds of convergence, distance functions generated by probabilities and σ -additive extensions of finitely additive probability measures. These notions can be extended even in the setting of random variables, defined and/or taking values in more abstract structures. We treat also some relations between concepts, lattices and probabilities, together with possible developments (for a related primer on these subjects see also Wolff (1994) ). These topics have several applications in various branches of Mathematics and different fields of sciences, for example in Statistics (see Kitsos (1989) ), in Medicine and Biology (see Kitsos (2005 and , Kitsos and Edler (2005) , Kitsos and Sotiropoulos (2009)), in Geometry (see Müller and Kitsos (2004) 
). A probability measure P is said to be countably additive or
If L is a Boolean algebra and P is a probability measure, we can define a realvalued function by setting 
and an extension P' of P , such that L' is a Boolean σ -algebra and P' is a σ -additive probability measure.
Let L be a Boolean σ -algebra with an associated probability measure P . An experiment a in L is a class of pairwise disjoint elements of L , different from 0 , whose supremum is 1. Note that, since P is strictly positive, the cardinality of the elements of an experiment is finite or countable (see also Kappos (1969) , IV.1.1). A random variable is a real valued function x on any experiment a in L defined by
A random variable is said to be simple iff it is defined on a finite experiment 
